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Abstract The quantum solutions which are the results of the research of Maamache et al.
(Int.J. Theor. Phys. 45:2191-2198, 2006) and ours (Choi, J.R. in Int. J. Theor. Phys. 42:853—
861, 2003) for the time-dependent Hamiltonian systems involving (1/X) p+ p(1/X) term are
compared after performing some corrections from the original ones. We confirmed that the
two corrected wave functions are completely the same each other.
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1 Introduction

The problem of time-dependent Hamiltonian system (TDHS) have been attracted consider-
able interest in both classical and quantum mechanics for a long time (e.g. see Ref. [1] and
references therein). In the previous paper [2], we investigated quantum solution of a general
TDHS whose Hamiltonian is given by

H(E, p,t) = A()p> + B() (R p + px) + C(t)(%ﬁ +ﬁ%> +D)X* + E(t)f—lz, (1.1)

where A(t) — E(t) are time functions that are differentiable with respect to time, and
A(t) # 0. Note that (1/X)p + p(1/x) in the third term gives the expression associated to
(1/x)(9/0dx) in coordinate space, which appears in the radial equation for the diverse cen-
tral force problems. Therefore, the TDHS described by (1.1) have several practicability in
theoretical physics. For instance, it can be applied to derive the quantum solution of radial
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equation for the many body system [3—6] and for the isotropic oscillator [7, 8] and to the
problem of noninteracting electrons that the effective mass varies with time under the in-
fluence of magnetic field [9, 10]. The employ of the theory of Lewis—Riesenfeld [11, 12],
so called standard invariant operator method, which is very powerful when we calculate ex-
act quantum states of TDHS enabled us to derive the wave functions of the system that is
described by (1.1) [2].

Recently, Maamache et al. also derived somewhat different form of wave functions for the
same system employing an alternative striking method [13]. They started the investigation
after separating out some time function from the general wave function. The purpose of this
paper is to investigate whether the two wave functions with appropriate correction, derived
using our method in Ref. [2] and derived by employing Maamache’s method, are correspond
each other or not.

The approach of Maamache et al. with some correction will be presented in Sect. 2 and
our research based on Ref. [2] will also be described with some amendment in Sect. 3.
Finally, we will compare these two investigations in the last section.

2 The Corrected Approach for the Theory of Maamache et al.

The general wave function satisfying the Schrodinger equation is

YD =) cat(x, D), @.1)

n=0

where ¢, is the contribution of nth wave function to the whole wave packet, which is re-
stricted by normalization condition, namely, Zn lc,|? = 1. It is known that the invariant
operator for the system described by the Hamiltonian in (1.1) can be constructed by impos-
ing the two auxiliary conditions such that [2, 13]

€@ _ ki ( tant) 2.2)
m =k, (constant), .
E(t)

m =k, (constant). 2.3)

In Ref. [13], Maamache et al. performed a time-dependent unitary transformation for the
wave functions of the system in order to set up an exact associated invariant operator:

Vn(x, 1) = U)W (x, 1), (2.4)
where a time function U (¢) is given by
2iky ('
Ur) = exp<L / B(t’)dﬂ). 2.5)
hJo
Then, it can be easily shown that ¥, (x, t) satisfy the following Schrddinger equation

9 .
tho W (x, 0) = HE, p. O (x. 1), (2.6)
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where H is a new Hamiltonian which are expressed as

H=AWMT, + BT, + DT, 2.7)
with
A R | 1 k
T1=P2+k1(7P+P7>+A—§a (2.8)
X X X
Ty =%p + px + 2k, 2.9)
Ty = £2. (2.10)

To facilitate the evaluation of quantum solutions, they considered an invariant operator in
the form

ZG, pot) = Ty + () T + 3 (1) T, @2.11)

which are associated to the new Hamiltonian . From 97 /ot = (i/h) [f , 7:[], we can show
that the time functions i, (f) — u3(¢) must satisfy the following relations'

fi(t) = 4[Bui (1) — Apa (1], (2.12)
fa(t) =2[Dpy (1) — Aps(0)], (2.13)
3 (t) =4[ Dpa(t) — Bus ()] 2.14)

By solving these equations, we have
i (t) = s*(0), (2.15)

pa(t) = 5[2382(1)—;?(1)&(0], (2.16)

— 1 G 2
wa(t) = 5 2Bs() = $(OF +ha 5

(2.17)

where s(#) is a real time function which is classical solution of the auxiliary equation

5(r) — %&(l) +2(2AD + A[TB —2B%— B)s(t) —4AES3% =0. (2.18)

From the theory of Lewis—Riesenfeld, it is known that the wave functions which satisfy the
Schrodinger equation can be obtained by making use of the eigenstates of invariant operator.
We may write the eigenvalue equation of 7 in the form

I®,(x,1) = A, P, (x,1). (2.19)

Since (2.11) is somewhat complicated time-dependent operator, the direct evaluation of
eigenvalue A, and eigenstate @, from the above equation is more or less difficult. On

I These are different from those of original research by Maamache et al. The three equations in (10) of
Ref. [13] are miss printed. So, they need modification so that they become the same as (2.12-2.14) in this

paper.
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the other hand, the employ of unitary transformation approach may dispenses with much
troublesome. So, we introduce a unitary operator given by

§=5,5,, (2.20)
where
S‘ exp|: (Xp+ pX)In ( ()>j| (2.21)
0)
o i _ @
2= eXP[%A(z)( 5O (r)) ] (222

Note that this is somewhat modified from that of their original research. In (18) of Ref. [13],
Maamache et al. regarded no s(0) which is appeared in (2.21) of this paper. As you can see,
we now considered it in order to fit the dimension of transformed invariant operator which
will be immediately followed to this. By use of this unitary operator, the invariant operator
can be transformed to

TN W 1, .1 1 k .,
T'=818" =50 P +h( 5h+ b3 ) Tz |+ 7wt (2.23)

Note that this transformed invariant operator do not includes any time functions so that the
problem can be much simplified. After some algebra with the eigenvalue equation of Z’
which can be represented as

7@ (x) = 4,P)(x), (2.24)

we can evaluate the corresponding eigenvalues and eigenstates in the form

Ay =20k Qn+m+1), 225
m+11/2
P,(x) = [L< \iE ) ] m+(1=2iki /B)/2
n+m Pm hS (0)
\/E 2 \/k_2 2
- Ly , 226
XexP( 2hs2(0)x> ”(hs2(0)x> (2.26)

where 4, P, is permutation defined as (n + m)!/n!, L) is associated Laguerre polynomial
defined in Ref. [14], and m is given by

1 4
m=—/1+ h2( 2 — k7). (2.27)

The definition of m is the same as that of Ref. [13]. On the other hand, it is somewhat
different from that of Ref. [2]. The eigenstates in the original system can be obtained from
the eigenstates in the transformed system:

@, (x,1) = 87'@/ (x)

m+1-1/2 iki/h
n+m<m S s

17 i i\ 2vk N
xexp{ |:hA (ZB_E>+ESZ(1‘)]X }L <ﬁs2() ) (2.28)
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The wave functions which satisfy (2.6) are different from the eigenstates @, (x,t) by
only time-variable phase factors [12]. If we denote such a time-variable phases as ©,(t), we
may write the wave functions in the form

Y, (x,t) =D,(x,t)exp[iO,(1)]. (2.29)

By substituting this equation into (2.6), we have
. 0 N
he,(t) = (D,| lhE —H ) |P,). (2.30)
The execution of some algebra after inserting (2.7) into the above equation leads to

6, (t)_—2\/k_2(2n+m+1)/ Azgi k—h‘ln<%). (2.31)

Thus, by substituting (2.28) and (2.31) into (2.29), we can identify the expression of ¥, (x, 1)
as

m+1-1/2
v, (x,t) :|: 2 ( ‘/k—z ) ] H(=2iky /B2

I i 50\ | 2VE VB
XeXp{ [hA (ZB s(t))+hs2(t)] }L (ﬁsz(l‘) )
xexp[ 21\/?2(2n+m+1)/ 2((3 z]. (2.32)

After all, nth full the wave functions ¥, (x, #) that are associated to the system can be rep-
resented by substituting (2.5) and (2.32) into (2.4). The complete wave functions obtained
through these procedures slightly different from the result of Maamache et al. [13]. From
the expression of v, (x, 7), we can easily identify the global phases in the form

A(t) 2k,
h

0,(1) = —2Vka 2 +m + 1) / B(z ydt'. (2.33)

This is the same as that of Ref. [13].

3 The Corrected Result for Our Previous Research

In Ref. [2], we have started our research with no consideration of a time-dependent uni-
tary transformation like (2.4). Of course, an invariant operator associated to original Hamil-
tonian (1.1) (instead of new Hamiltonian like (2.7)) is constructed in order to make easy the
investigation of quantum solutions. This is a standard approach introduced by Lewis and
Riesenfeld [12].

The invariant operator associated to (1.1) can be derived from

di—af+1[im—o 3.1)
dt 9t ih '
By substitution of (1.1) into the above equation, we can evaluate the invariant operator as
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. 1 k
[(X,p.t) = [m[ZBs(t) s+ sz(zt)}ez

-FE%{zBs%f>—s(ﬂsa>K£ﬁ—rﬁ£>

204\ A2 2 1o .1 20
+s7(0)p” +kis (1)<7P+P7>+k25 (= +&@), (3.2)
X X X
where £(¢) is a time function given by
_ ! NeZ (4 1 / N a4\ 12 / 1 /
E(t) =4k /0 |:D(t )s=(t) A7) [2B(t)s(t') —s)]” — kaA(t )52(;/)]dt .33

After the execution of integration, £ (#) becomes

t

ky 24! INa(q!
= [2B(t)s"(t") — s()s()H]| . (3.4)
§ Al ) .
Let us express the eigenvalue equation of I as
1R, p.0u(x, 1) = hupy (x, ). (3.5)

The execution of a straightforward algebra with (3.5) after inserting (3.2) enables us to
derive eigenvalues A, and eigenstates ¢, (x, ¢) in the form

A = 20ky 20 +m 4 1(t) + 1]+ £(p), (3.6)
d)n(x» [) — |: 2 (\/]72)’"+1:| 1/2xm+(1—2ik1/h)/2

n+um hSZ

1 i § 2«/k_2 2 m \/E 2
conl i 2) s e
where
_kls(s'—ZBs)
I(r) = W - (3.8)

From the time derivative of (3.6), we can easily confirm that A, is constant with time:
dX, /dt = 0. With the consideration of global phases 6, (¢), the wave functions can be repre-
sented as

Vn(x, 1) = ¢u(x, 1) expi6, (1)]. (3.9
By inserting this into the following Schrédinger equation
zhw =HE, p.OYu(x,1), (3.10)
we have
hén(t):<¢n|<ih%_ﬁ>|¢n)- (3.11)
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We can proceed the algebra of right side of the above equation using unitary transformation

technique:
@l (i — 1) 180)
n at n

= /DCalx<¢>n|x>§*‘§<ih3 - ﬁ>§*1§<x|¢n>
0 at

—/Ocd / 'hﬁ—ﬂ[f“— 0] ' 3.12
=), x(¢n|x>[1 or 520 (x, p) E()}(XI%), (3.12)
where
(xIg)) = S{xIn). (3.13)
'k, p)=8SI&, p, S~ (3.14)

Besides, the partial time derivative of transformed wave functions in (3.12) is given as

Ixlg,) _ k1 §

ot ( pr,). (3.15)

Then, the global phases in (3.11) can be evaluated in the form

A@) 2k
s (t /) h

0,(1) = -2Vka2n +m + 1)/ B(z )dt'. (3.16)

This is somewhat different from our previous result which is the last line in (46) of Ref. [2].
Therefore, we corrected the phases of the wave functions from our earlier result. Thus, by
substituting (3.7) and (3.16) into (3.9), we have

m+11/2
Wn(x,t):[ 2 (@) ] m+(1=2iki/h)/2

2
n+mt m hS

1 i § 2“/](—2 2 m \/E 2
X exp{ [hA <28 — ;) =+ hsz ]x }Ln (m X

xexp{—l[zm(2n+m+1)/ Az((i; 2;1 B(t)dt“. (3.17)

As you can see, this is completely the same as that of previous section.

4 Conclusion

In the theory of Maamache et al. which is presented in Sect. 2, a time-dependent unitary
transformation given by (2.4) is employed in the first place and, of course, constructed an
invariant operator which is associated to the new Hamiltonian given by (2.7). On the other
hand, our original research [2] described in Sect. 3 have been performed with no consid-
eration of such type time-dependent unitary transformation and, accordingly, regarded an
invariant operator which is associated to the original Hamiltonian, (1.1). These are the main
difference between the two approaches. In Sect. 2, we corrected the unitary operator S by
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replacing In[s(¢)] appeared in (18) of the report of Maamache et al. [13] with In[s(¢)/s(0)]
as you can see from (2.21). In the review of our previous report represented in Sect. 3, we
corrected the global phases of the wave functions. We confirmed that the corrected wave
functions associated to two different approaches for the time-dependent Hamiltonian sys-
tems involving (1/X)p + p(1/X) term are exactly the same each other.
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